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Abstract—This paper reports a theoretical investigation on the onset of convection in a horizontal porous
layer saturated with water near the vicinity of its density maximum associated with the temperature of 3.98°C
at atmospheric pressure. The study aims at determining the critical onset time at which convection startsin the
layer, when the temperature of the top wall is suddenly lowered so that the Rayleigh number based on the layer
height and the temperature difference between the two horizontal walls is considerably higher than the critical
Rayleigh number required to initiate convective instability in the system. The problem was solved via linear
stability analysis and by using a time-dependent mean temperature profile. The results reported in this study
document the dependence of the critical onset time and the critical wave number on the Rayleigh number R,
and the initial temperature of the layer, T,

1. INTRODUCTION

THE DETERMINATION of the onset and subsequent
development of convective instability in a fluid-
saturated porous layer has become a center of
attraction in porous media heat transfer and fluid
mechanics research in recent years. The counterpart of
this problem in classical fluids is the well known
‘Bénard problem’ which constitutes the main focus of a
plethora of studies triggered by the pioneering work of
Bénard [1] and Rayleigh [2] in the early 1900s and
continuing to the present time. Summaries of the
findings of these studies can be found in refs. [3, 4. The
reason behind the ‘popularity’ of the problem of
convective instabilities in a horizontal porous layer is
twofold :

(a) It is fundamental in nature, hence, developing a
better understanding of this problem may be used
as a building block in the investigation of more
complicated configurations.

(b) It finds numerous engineering applications
exemplified by thermal insulations, geothermal
systems, cooling of nuclear reactors and the
chemical industry.

When the convective instabilities in the porous
medium are driven by thermal buoyancy it is
reasonable to expect that the temperature dependence
of the density of the fluid saturating the porous medium
is of paramount importance. Indeed, in the case of
water, the onset of convection as well as the
temperature and flow patternsin the layer are affected
dramatically by the existence of the density maximum
associated with the temperature of 3.98°C at
atmospheric pressure. In the vicinity of this density
maximum the linear Boussinesq approximation
routinely used in natural convection studies is not valid
[5-7] and a different temperature-density relation
needs to be used.

Relatively few studies have dealt with the
phenomenon of natural convection in a porous layer
saturated with cold water [8—11]. With reference to the
horizontal layer geometry Sun et al. [8] and Yen [9]
relied on linear stability analysis and experimental
measurements, respectively, to define the critical
Rayleigh number which marks the onset of convection.
Very recently, Blake et al. [11] conducted a complete
series of numerical experiments to verify the findings in
[8, 97 and extend their results to the high Rayleigh
number regime. The study in [11] revealed several
interesting features with respect to the dependence of
the convective pattern (number of cells) and the net heat
transfer through the layer on the Rayleigh number, the
height-to-length aspect ratio of the system and the
bottom wall temperature.

The objective of the present study is to investigate a
different aspect of thermal convection in porous media
saturated with cold water. Specifically, the present
study reports a theoretical (linear stability analysis)
investigation of the onset of thermal instabilities in the
vicinity of the density maximum at the presence of a
time-dependent non-linear mean temperature distri-
bution. The system is arranged so that it is unstable in
the steady state (at which the mean temperature
distribution becomes linear). It is worth noting that the
critical values of the Rayleigh number are reported in
[8]. Hence, the Rayleigh number values used in this
study are purposely higher than the critical values.
Since the system is unstable in the steady state,
apparently it becomes unstable at some time before
steady state is reached. The determination of this
critical onset time and its dependence on the various
problem parameters is of primary interest in this study.
To obtain the onset time, an infinitesimal perturbation
is introduced in the system and the evolution of this
perturbation in time is observed. If the driving
buoyancy mechanism is strong enough to overcome
diffusion effects, then, the perturbation is expected to
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Fourier coefficients, equation (15)
Fourier coefficients, equation (15)
specific heat [J kg ! K]
r.m.s. velocity, equation (19}
gravitational acceleration vector
average r.m.s. velocity, equation (18)
layer height [m]
effective thermal conductivity
[Wm™! K]
permeability [m ™ 2]
pressure [N m™2]
Darcy-modified Rayleigh number for cold
water natural convection, equation (9)
time [s]
temperature [°C]
mean temperature [°C]
T temperature difference between the two
horizontal walls
x-component of velocity perturbation
[ms™']
velocity vector
y-component of velocity perturbation
[ms™']
w z-component of velocity perturbation
[ms™*] .
W velocity function, equation (12)
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NOMENCLATURE

x,y,z Cartesian coordinates {m].

Greek symbols

% thermal diffusivity [m?s ']

¥ constant in density—temperature
relationship equation (6) [°C ]

é constant in density—temperature
relationship equation (6) [°C ™ ]

n  horizontal wave number

0 temperature perturbation
temperature function, equation (12}

A parameter depending on AT, equation (10}

u  viscosity [Nsm™ 2]}

v kinematic viscosity [m?s '} |

p  density [kg m ™ *]

¢ heat capacity ratio, equation (5)

¢ porosity.
Subscripts
[ fluid

r referring to the maximum density

0 pertaining to the initial temperature of the
layer

s solid

*  dimensionless quantity.

grow in time. In the opposite case, the perturbation will
decay in time. The onset time is marked when the
perturbation grows to 1000 times its initiai value. The
value ‘1000’ is of empirical nature, however, numerous
investigators [12-17] have used the above method to
determine the onset of convection in classical fluids
possessing a linear density-temperature dependence
and have found good agreement between theoretical
predictions and experimental data.

2. MATHEMATICAL FORMULATION

The system of interest is shown schematically in Fig.
1.Itconsists of a horizontal porous layer saturated with
cold water. The onset of convection in the system

depends directly upon the initial conditions on
temperature. Here, we assume that the system is
initially isothermal to T, and at ¢t = 0, the temperature
of the top wall is lowered down to T, AT, and is kept
at this value thereafter. For the sake of simplicity, the
temperature of the cold (top) wall was fixed at 0°C
throughout this study. The bottom wall temperature is
maintained at its initial value of Tj at all times. The
temperature of 3.98°C associated with the density
maximum lies within the region defined by T, and
To—AT,ie. T,—AT < 3.98°C < T,

The conservation equations for mass, momentum
and energy according to the Darcy-homogeneous
porous medium model [18, 197 are:

V-v=0 (1)

s cold- water - - -

T, - AT

o\ Y /7 xX,u
‘; 'qu\éqs'l_?ayérl, o . l‘” e
'safurated: with . ‘ ;

‘\A.
T

FIG. 1. Schematic of a horizontal porous layer saturated with cold water.
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V= (VP @

a%’f— +v.VT = aV3T 3)

where v is the fluid velocity vector (v = ui +vj+wk), g
the gravity vector, P the pressure, T the temperature, p
the density and ¢ the time. The constants K and u stand
for the permeability of the porous matrix and the fluid
viscosity, respectively. Parameter « is the effective
thermal diffusivity of the porous medium defined as the
ratio of the effective thermal conductivity of the
medium k, divided by the fluid thermal eapacity (pc,).
The heat capacity ratio in the energy equation is defined
as:

o = [$(pcy) +(1—d)pcy) I/ pcyk @

where ¢ is the porosity of the medium and (pc,), the
thermal capacity of the solid matrix. It is assumed that
the fluid and the solid are in local thermal equilibrium.

According to [7-9] the following cubic relation may
be used to express the density dependence on
temperature in equation (2)

p = p[1—9(T—3.98°C)2—5(T—398°C)*]. (5

This equation was found to be valid in the temperature
range 0-30°C. Omitting the cubic term in (6) yields the
more familiar parabolic equation valid only in the
range 0-8°C [5, 6]. The subscript r in equation (6)
stands for the temperature of 3.98°C, y = 7.94 x 10~
°C 2and d = —6.56x 1078 °C~3,

Due to the peculiar form of the density profile, as the
mean temperature distribution evolves in time, two
distinct regions can be distinguished in the layer; the
potentially unstable region below the point of
maximum density and the stable region above this
point. In the next section we rely on linear stability
analysis to obtain the critical time required by the
instabilities originating in the unstable part of the
system to give life to convective motions in the layer.

3. STABILITY ANALYSIS

The first step in the stability analysis is to decompose
the velocity and the temperature into a mean and a
perturbation component. Proceeding as in [3, 4] and
omitting the details for brevity, yields the following
expressions for the perturbation momentum and
energy equations

V2w, = —R(T,+AT2)V2,0, 6)
8, T, _,
2w, = v,
Y P A )

In the above equations the overbar denotes a mean
component. Note that since the mean state is stationary
the mean velocity field is zero. In addition, the pressure
has been eliminated in equation (6). The perturbation
equations (6) and (7) have been made dimensionless
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according to the following definitions:

- T-398°C

Xy Vs 29 = (x,y,z)/H, T* AT ®)

Wy = w/(a/H)’ t* = t/(O'Hz/a), 9* = ﬁ'

Parameters R (the Rayleigh number for cold water
natural convection) and A are defined as

2Kgy(AT)*H 35
R = _M, A=—AT. (9,10)
va 2y
The operator in the RHS of equation (6) stands for
02 é*
Vi, ==+
T ox2 T ay?

The mean temperature field subject to the conditions
of uniform initial temperature (7;) and fixed boundary
temperatures (T = T, along the bottom wall and
T = T,—AT along the top wall) can be obtained by
solving the pure conduction equation. The result reads
[20]

© — j2n2t,

1y

With the mean temperature profile known from
equation (11), the perturbation quantities in equations
(6) and (7) are assumed to have the form

D Wzt .
()-(2b oo

where 1,, 11, are the two components of the horizontal
wave number 5? = 52 +n2. Substituting (12) into (6)
and (7) yields

TWs _ oW, = Re¥(T, +1T2)0 (13)
azi r’ * " * *. *

o, oT, &0,

P, 2200 e, 14

a, %oz, oz Tt 14

The boundary conditions on the velocity perturbation
W, arethat thetop and bottom walls are shear free (note
that the Darcy flow model for porous media does not
satisfy the no-slip condition on a solid boundary). The
temperature perturbation is assumed to vanish on
either boundary (®, =0 at z, = 0,1). Based on the
above, we seek solutions ofequations (13)and (14)in the
form of generalized Fourier series with time-dependent
coefficients

Wizt )) _ & (At
(Gt(z*’ t*)) B ,,;1 (B,,(tt)) sin(nnz,).  (15)

Combining (13)<(15) and integrating fromz, =0to 1
yields

_ 2Rn?
" (mn)? P

x f {( T,+AT?) i B,sin (nnz,)sin (mnz*)} dz,

0 n=1
mn=123... (16)
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mn=123.... (17
Equations (16) and (17) can be combined, and then
integrated in time. The result of this calculation will
determine the evolution of A4,, and B, (hence, the
evolution of W, and ©,) with time. The solution
method will be outlined briefly in the next section. It is
worth noting that the integralsin (16) and (17)cannot be
evaluated analytically, hence, they need to be evaluated
by numerical integration at each time step. This fact
increases the complexity of the problem compared to
previous studies on the onset of convection in classical
fluids [12—-17] possessing a linear density—temperature
dependence. In these studies analytical expressions
were used to evaluate the likes of the integrals
appearing in equations (16) and (17).

4. SOLUTION METHOD

To obtain the numerical solution of equation (17) we
need to truncate the Fourier series (15) by keeping only
a finite number of terms. Here, the first 20 (m = n = 20)
terms are retained. Increasing m and n further left the
results practically unchanged. In addition, j = 40 terms
were found to be more than adequate to represent the
mean temperature profile, equation (11). Equation (17)
was integrated in time by using the fourth-order
Runge-Kutta method [21]. The initial condition used
for the numerical integration was to set all the Fourier
coefficients B, equal to unity. This type of initial
condition is termed in the literature ‘the white noise’
initial condition. The sensitivity of the solution method
on the choice of initial conditions has been discussed in
detailinrefs.[12, 14, 16]. Itappears that using the ‘white
noise’ initial condition yields reasonably good
agreement with experimental findings and constitutes
the popular choice in investigations of the onset of
convection [ 12-17]. Another point of interest is that of
choosing an appropriate time step for the numerical
integration. This choice resulted after a trial and error
procedure. It was found that smaller time steps were
needed for higher values of R. For example, for T, =
10°C, R = 10° a time step size equal to 10™* was
required while for T, = 10°C, R = 1500 a finer time
step size equal to 2.5 x 107 ® was necessary.

Foliowing refs. [12-17] the onset of convection was
marked when the average r.m.s. velocity

1 1/2
J~ W (z,,1,)* dz,
R (18)

G(t) =
J W z,,0)* dz,
 Jo
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reached the magnitude of 1000. In addition, the r.m.s.
velocity

*(Z*, * 1/2

J Wlz,, 0) dz,

was used to illustrate the dependence of the fluid
motion in the layer on z,, The above calculations were
performed for a sequence of wave numbers while
keeping the rest of the parameters fixed. The wave
number yielding the minimum onset time was termed
critical wave number and the corresponding onset time,
critical onset time. Finally, the present study focused on
the high Rayleigh number regime since decreasing the
Rayleigh number required a very large number of time
steps and thus a prohibitive amount of computing time.
It is worth clarifying that even though high Rayleigh
numbers require fine step sizes as discussed previously,
they yield small critical onset times (a manageable
number of time steps is needed to yield the critical onset
time). Decreasing the Rayleigh number allows for the
use of coarser time steps. However, this advantage is
offset by the fact that the number of time steps required
to mark the onset of convection increases drastically.

Flzpt) = (19)

5. RESULTS AND DISCUSSION

The dependence of the onset time on the wave
number is shown in Fig. 2 for several Rayleigh num-
bers. The curves reported in Fig. 2 serve to illustrate
the ‘sharpness’ with which the minima (therefore,
the critical onset times) are defined. Interestingly,
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Fi1G. 2. The dependence of the onset time r, on the wave
number #, for T, = 10°C.
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Fig. 3. The growth of the average r.ms. velocity G for
T, = 10°C. The three curves correspond to the critical wave
number of the respective Rayleigh number.

increasing R yields less sharply defined minima on the
t, vs R curves. The results presented in the remaining
figures correspond to critical wave numbers. Figure 3
shows the dependence of the average r.m.s. velocity on
time. Clearly, after some time, G grows with ¢, in
a superexponential manner. This superexponential
growth takes place earlier at higher Rayleigh numbers.
The vertical profiles for the r.m.s. velocity and the mean
temperature at the critical onset time are exemplified
via Fig. 4 for two different values of R. Increasing R
decreases t,,. The shape of the curves indicates that at
high Rayleigh numbers convection sets in the layer
before the cooling effect of the top wall is felt by the

T.
-04 -0.2 0 02 04 06 08
1 T T B T T

0.5

L
0 02

04 08 08 1

W,/ Waemax

FiG. 4, Distribution in the vertical of the r.m.s. velocity F and
mean temperature T, for T, = 10°C. The curves correspond to
the respective critical wave numbers.
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FIG. 5. The dependence of n,,, and t... on the Rayleigh number
for T, = 10°C.

bottom wall. Hence, the onset of convection in the finite
height layer under examination resembles the onset of
convection in a layer of infinite depth. In addition,
judging from the location of the density maximum (7,

= 0)most of the fluid in the layer at ¢, (approx. 85%; of
the total height for R = 1000and 75% of the total height
for R = 500) is unstably stratified.

The effect of the Rayleigh number on ¢, and 77, is
illustrated in Fig. 5 for T, = 10°C. Clearly, t,., and 1,
exhibit opposite dependences on R, that is, increasing R
increases 7,, while decreasing ¢, in a linear manner
(note the logarithmic coordinate axes in Fig. 5). Based
on the definition of the Rayleigh number [equation (9)],
if AT and H are fixed, increasing R is equivalent to
increasing the permeability of the porous medium K
(within the limits posed by the validity of the Darcy flow
model). In this respect, the results reported in Figs. 2
and 5 quantify the phenomenon of natural convection
suppression due to a decrease in the porous medium
permeability (K), as one might expect from physical
considerations.

Finally, Figs. 6 and 7 depict the dependence of the
critical wave number and the critical onset time on the
initial temperature of the layer. Increasing T increases
. and decreases t,.. It is worth noting, that the

ncr

T,(°C)
F1G. 6. The effect of T, on the critical wave number.



1904
5 N N
o |
3 \ R=1000 3
tuorx 102 ‘ \\\
2}
|
1 1__~__L_.~,A_,ﬁ Y U SV D— 4
5 15 25
T.(°C)

Fi1G. 7. The effect of T, on the critical onset time.

dependence ofn . and ¢, on T, isstrong for T less than
approx. 20°C. For values of T, greater than 20°C the
critical wave number and the critical onset time exhibit
a weak dependence on the initial temperature of the
water-saturated porous layer. A physical explanation
for this result is speculated as follows : for a layer of fixed
height, increasing T, while keeping R constant requires
a simultaneous decrease in the permeability. It appears
that the suppression of natural convection (increase in
tyori)» Tesulting from lowering the permeability,
balances out the decrease in t,.y, resulting from
increasing T, when T;, becomes greater than approx.
20°C.

6. CONCLUSION

The study reported in this paper relied on linear
stability analysis to determine the onset of convection
in a porous layer saturated with cold water. The
presence of the density extremum of water associated
with the temperature of 3.98°C was taken into account
by using a cubic temperature density relationship
[equation (5)]. The results show that the dimensionless
onset time decreases and the critical wave number
increases as the Rayleigh number increases. For fixed
boundary temperatures and permeability, increasing R
is equivalent to increasing the layer depth H. However,
since R ~ H,t, ~ tH™?[equation (8)] and from Fig. 5
teor ~ R72, then t, ie. the real critical onset time is
practically independent of H in the high Rayleigh
number regime. This result agrees with Foster’s
findings [12]. The effect of increasing the initial
temperature of the layer T is to increase 7., while
decreasing t,.,.

The results of this study are in qualitative agreement
with reported findings on the onset of convection in
classical fluids possessing a linear density-temperature
relationship [12-17].
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DEBUT DE LA CONVECTION DANS UNE COUCHE POREUSE HORIZONTALE,
SATUREE EN EAU FROIDE

Résumé-—On présente une étude théorique sur le début de la convection dans une couche horizontale poreuse
saturée d’eau proche du maximum de densité, 4 la température de 3,98°C et 4 la pression atmosphérique. Il
s’agit de déterminer le temps critique d’apparition dela convection dansla couche lorsque la températurede la
paroi supérieure est brusquement abaissée de fagon que le nombre de Rayleigh basé sur 'épaisseur de la couche
et la différence de température entre les deux parois horizontales, soit considérablement plus grand que le
nombre de Rayleigh correspondant a I'apparition de Pinstabilité du systéme. Le probléme est résolu par
I’analyse de la stabilité liénaire et en utilisant un profil de température moyenne dépendant du temps. Les
résultats donnés dans cette étude renseignent sur la dépendance du temps critique d’apparition et du nombre
d’onde critique vis-a-vis du nombre de Rayleigh R et de la température initiale de la couche, T,

DAS EINSETZEN DER KONVEKTION IN EINER WAAGERECHTEN, MIT WASSER
GESATTIGTEN POROSEN SCHICHT

Zusammenfassung—Die Arbeit berichtet iiber eine theoretische Untersuchung iiber das Einsetzen von
Konvektion in einer waagerechten pordsen Schicht, die mit Wasser gestéttigt ist. Der Zustand des Wassers ist
im Bereich des Dichtemaximums, d.h. bei Atmospharendruck bei einer Temperatur von 3,98°C. Ziel der
Untersuchung ist, den Zeitpunkt zu bestimmen, bei dem in der Schicht Konvektion einsetzt, wenn die
Temperatur der Deckelfléche plotzlich abgesenkt wird. Dabei ist die Rayleigh-Zahl, bezogen auf Schichtdicke
und Temperaturdifferenz zwischen den beiden waagerechten Begrenzungsflichen erheblich groBer als die
zum Einsetzen der Konvektion notwendige kritische Rayleigh-Zahl. Das Problem wurde mit Hilfe einer
linearen Stabilitdtsanalyse und unter Verwendung eines zeitabhidngigen mittleren Temperaturverlaufs gelGst.
Die Ergebnisse zeigen den EinfluB der Rayleigh-Zahl und der Anfangstemperatur der Schicht T, auf die
kritische Zeit bis zum Einsetzen der Konvektion und auf die kritische Wellenzahl.

BO3HMKHOBEHHWE KOHBEKIIMU B 'OPH3OHTAJIBHOM INOPUCTOM CIJIOE,
HACBIIIEHHOM XOJIOAHOW BOAOH

Amnoraums—B paboTe npeacTaBieHb! TEOPETHYECKHE UCCIEAOBAHHUA MO BO3HUKHOBEHHIO KOHBEKIHH B
TOPH3OHTABHOM MOPHCTOM CJIOE, HACBIIIEHHOM BOZOH B OKPECTHOCTM MaKCHMyMa IUIOTHOCTH, COOT-
BeTCTBYIomero temnepatype 3,98°C npu atMochepHomM nasienud. Llens uccnenosanus—onpeneenune
KPUTHYECKOTO BPEMEHH Pa3BUTHA TEYEHHUS B CJ10€, KOTJa TEMMNEPATYpa BEPXHEH CTEHKH pe3Ko nanaer 4o
TaKOTO YPOBHS, 4TO 4MC/IO P3siesi, OCHOBAHHOE Ha BLICOTE CJIOS M Pa3HOCTH TEMIEpaTyp MeXAy rOpH-
3OHTa/IbHBIMH CTEHKaMH, 3HAYHTENLHO BBILIE KPUTHYECKOro 4Acaa Panes, HeoGXoMUMOro A8 BO3HHK-
HOBCHHS KOHBEKTHBHOW HEyCTOHYMBOCTH B CHCTeMeE. 3a/aya pellieHa ¢ MOMOILBIO JIMHERHOTO aHaln3a
YCTOHYHBOCTH H € UCIIOJ/Ib30BaHHEM NPOGHA CpelHEH TeMNeEPaTyphl, 3aBUCAILIErO OT BpeMeHH. Pe3yns-
TaThl, IPEACTABIEHHEIE B paboTe, NOATBEPKAAIOT 3aBUCHMOCT KPUTHYECKOTO BPEMEHH H KPHTHYECKOTO
BOJTHOBOTO 4HCAa OT vuciaa Panes R u ravanpHOM TemnepaTypsl cios Ty, .
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